Brane world unification of quark and lepton masses and its implication for the masses 

of the neutrinos 
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A TeV-scale scenario is constructed in an attempt to understand the relationship between quark 
and lepton masses. This scenario combines a model of early (TeV) unification of quarks and leptons 
with the physics of large extra dimensions. It demonstrates a relationship between quark and 
lepton mass scales at rather "low" (TeV) energies which will be dubbed as early quark-lepton mass 
unification. It also predicts that the masses of the neutrinos are naturally light and Dirac. There 
is an interesting correlation between neutrino masses and those of the unconventionally charged 
fermions which are present in the early unification model. If these unconventional fermions were 
to lie between 200 GeV and 300 GeV, the Dirac neutrino mass scale is predicted to be between 
~ 0.07 eV and ~ leV. 



I. INTRODUCTION 

Are quark and lepton masses related? This question 
has been addressed almost thirty years ago in a famous 
paper byjlj soon after the concept of Grand Unification 
(GUT) [3 has been put forward. From this pioneer pa- 
per and subsequent works, one learns that quark-lepton 
unification at the GUT scale M GUT ~ 10 15 - 10 16 GeV 
gives rise to, for the particular case of SU(5) considered 
in p], the equality of the r lepton and bottom quark 
masses at Mqut- After renomalization-group (RG) evo- 
lution down to low energies, a remarkable "prediction" 
for the b quark mass was made, although the complete 
story was significantly more complicated. Despite the 
enormous popularity of GUT, questions started to arise 
as to whether or not there are actually structures instead 
of simply a "desert" between the electroweak scale and 
Mqut- If so, how would quark and lepton masses be 
related if they were to have early unification? 

The hope that new physics is lurking somewhere in the 
TeV region has given rise in the past decade or two to 
a flurry of activities which resulted in a rich diversity of 
topics with a variety of motivations. A common thread 
in all of these activities is the prediction of new parti- 
cles of one kind or another. It goes without saying that 
discoveries of these new particles will vindicate all the 
efforts put into it. The present paper will rely on two of 
such scenarios with a special emphasis put into the rela- 
tionship between quark and lepton masses, including the 
issues of neutrino mass: Is it Dirac or Majorana? Why 
is it so small? 

Two TeV scenarios which form the focus of this paper 
are the following: (V) Early petite unification of quarks 
and leptons (2) The possibility of the existence 

of extra spatial dimensions, the mechanism of wave func- 
tion overlap along an extra compact spatial dimension 
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and its use in the attempt to explain the smallness of 
neutrino masses 0, and the hierarchy of quark masses 

Gamin. 

In 0, the Standard Model (SM) with three indepen- 
dent couplings is merged into a group Gs <8> Gw with two 
independent couplings at some scale which is supposed 
to be in the TeV region. The choice of the Pati-Salam 
SU(4:)ps G3 for Gs was used. This scenario allowed us 
to compute sin 2 9w(Mz) anc ^ to use it to constraint the 
choices of Gw The preferred choice of 3] was the gauge 
group SU (4)ps<8>5'{7 (2) 4 with an early unification scale of 
several hundreds of TeVs. Recent precise measurements 
of sin 2 9w(Mz) coupled with a surge of interest in TeV 
scale physics have prompted Q to reexamine the petite 
unification idea. There it was shown that the petite unifi- 
cation scale is lowered considerably, to less than lOTeU, 
due to the increase of sin 2 Ow(M^) as compared with its 
value of twenty three years ago. This has the efect of 
practically ruling out SZ7(4)ps <8> SU(2) 4 due to severe 
problems with the decay rate for Kl —* fJ-e among other 
things. Two favorite models emerged: SU (4)ps<8) SU(2) 3 
and SU(A)ps <8> SU(S) 2 , both of which nicely and natu- 
rally avoid the Kt, — ► fie problem due pricipally to the 
existence of new types of fermions. A detailed analysis of 
S'?7(4)ps<g>S'[/(2) 3 was performed by 0, including a two- 
loop renormalization group (RG) analysis and a discus- 
sion of the physics of the new unconventional fermions. 
Early unification in this model takes place at a mass scale 
M = 0(1-2 TeV). 

On another front, Ref. has constructed a model 
which made use of the mechanism of wave function over- 
lap along an extra compact dimension to "explain" the 
smallness of Dirac neutrino masses. An SU(2)r sym- 
metry was assumed and was subsequently spontaneously 
broken, giving rise to a phenomenon in which one mem- 
ber of the right-handed doublet has a narrow wave func- 
tion, while the other member acquires a broad wave func- 
tion (both localized at the same point along the extra 
dimension). The overlap of the wave function of the 
left-handed doublet with the wave functions of the right- 
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handed fields gives rise to the splitting between the effec- 
tive four-dimensional Yukawa couplings (and eventually 
between the masses) of neutral and charged leptons or 
of the up and down quarks. This splitting can be large 
or small depending on the separation d (along the extra 
dimension) between the wave functions for left-handed 
and right-handed fields as demonstrated in It was 
further noticed that there is a deep connection between 
the separation di for the lepton sector and the separa- 
tion d q for the quark sector, giving rise to a relationship 
between quark and lepton masses, a common feature in 
Grand Unified Theories (GUT). 

At this point, one might ask about the distinction be- 
tween the present scenario and a possible attempt to in- 
corporate a GUT scenario for the masses in the context 
of Large Extra Dimensions. First, it is fair to say that, 
in order to achieve Grand Unification above the com- 
pactification scale, some rather strong assumption has to 
be made about the behaviour of the running couplings, 
namely a power-law running. Because of this dynamical 
assumption, the running masses used in extrapolating the 
values at the GUT scale to low energies will also suffer 
from large uncertainties. This is very unlike the loga- 
rithmic behaviour used in Q. In our case, quark-lepton 
unification is achieved at a scale comparable to the com- 
pactification scale and the predictions made there can be 
extrapolated down to the Z-mass using familiar renormal- 
ization group techniques. In fact, since the quark-lepton 
unification scale is an order of magnitude or so larger 
than the Z-mass, there will not be much "running" . 

The plan of the paper will be as follows. First, we 
present a brief review of the essential elements that go 
into the wave function overlap scenario in extra dimen- 
sions. We then briefly review the ideas of early quark- 
lepton unification with a special emphasis on the group 
structure and fermion representations. We then show 
how one can connect these two ideas to relate the overall 
mass scales in the mass matrices of the quark sector to 
those of the lepton sectors. We finish with a numerical il- 
lustration of those results along with their physical impli- 
cations, including neutrino masses. We will present pre- 
dictions for Dirac neutrino masses. Whether or not Ma- 
jorana neutrino masses are needed is a question which de- 
pends on the predicted values for Dirac neutrino masses. 
We will show a correlation between the masses of the 
neutrinos and those of the unconventional fcrmions which 
are present in the early unification model. If the latter 
fermions are required to have a mass between the elec- 
troweak scale and approximately 1 TeV , it is shown that 
the Dirac neutrino masses are too small for the see-saw 
mechanism |l4j to provide the bulk of neutrino masses 
if, as it is natural to assume, the Majorana scale is of 
the order of the early unifications scale. It is also shown 
that if the mass of the unconventional fermions is taken 
to lie between 200 GeV and 300 GeV, the range of the 
Dirac neutrino mass is found to be between ~ 0.07 eV 
and ~ 1 eV. In fact, there is a recent interest in the pos- 
sibility that the neutrino mass might be either mostly 



or pure Dirac and there are questions about the popular 
see-saw mechanism itself 1151 . 



II. EXTRA DIMENSION, EARLY 
QUARK-LEPTON UNIFICATION AND MASS 
RELATIONSHIP 

Two TeV-scale scenarios are briefly summarized below 
with the purpose of exposing their common threads and 
ultimately combining them in order to obtain an under- 
standing of the possible relationship between quark and 
lepton masses and the smallness of the neutrino masses. 

A. Effective Yukawa couplings in models with 
extra dimensions 

In its simplest version, an effective Yukawa coupling 
(which would be proportional to the mass of the fermion) 
is defined, in four dimensions, as proportional to the size 
of the wave function overlap between left-handed and 
right-handed fermions along a compact fifth (spatial) di- 
mension . Among the many applications of this idea, 
one can cite for example the attempts to give an expla- 
nation for the smallness of the neutrino masses 0, 
One can either arbitrarily choose the locations, along the 
extra dimension, of the localized wave functions for the 
left-handed and right-handed neutrinos in such a way 
that the overlap is tiny, or one can try to build a model 
in which the tiny overlap comes out more or less natu- 
rally as Ref. had done. In [jj, the size of the neutrino 
overlap came out small as compared with the size of the 
charged lepton overlap. A brief review of how this hap- 
pens as described in Ref. will be given below. The 
main point of these works is that the four-dimensional 
effective Yukawa couplings can be small even if the fun- 
damental (four-dimensional) Yukawa coupling is of order 
unity. 

Let us start with one extra spatial dimension y com- 
pactified on an orbifold S\fZi and having a length L. 
Let us, as an example, take a lepton SU(2)l dou- 
blet, L^(x,y), and another lepton SU(2) R doublet, 
lA R }{x, y), where the superscripts refer to the groups 
respectively. Since a fermion in five dimensions is a 
Dirac fermion, it will have both chiralities (left and right- 
handed) under four dimensions i.e. ip — (ipL + ^r), 
where ip L ,R = Pl.r^, wit h Pl.r = (1 T 7s)/2 be- 
ing the usual four-dimensional chiral projection oper- 
ator. The notations that were used in [9j and here 
will be as follows. For the SU(2)l doublet, we use 

L^(x,y) = (1 { L L} +l R L} ), while for the SU(2) R doublet, 

we use Ll R I (x, y) = (l^ + Ir ) ■ O ne can choose the Z 2 
parity for these fields such that the only zero modes are 

l L {L H x ,y) = h(x)^L(y) and l R {R} {x,y) = l R (x)£ R {y). 
With the introduction of the appropriate background 
scalar fields, these zero modes can be localized at some 
points along y. The effective Yukawa coupling (which 
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would determine the mass of the fermion) is then propor- 
tional to the overlap between £l(u) and £,n(y)- (Let us 
recall that and £,n(y) are doublets.) The main focus 

of was the construction of a model for the SU(2) R dou- 
blet £r(z/)- This construction will be repeated below but 
a few words might be illuminating here. The wave func- 
tions for the up and down members of Cr(u)i although 
localized at the same point along y, have very different 
shapes: one which is wide and the other which is nar- 
row. It is this disparity in shapes of the "right-handed" 
wave functions that, when overlapping with the common 
"left-handed" wave function, gives rise to the hierarchy 
in mass among up and down members of the doublet. 

For the sake of clarity, a review of the model of 9] is 
warranted here. Since the main object is the construc- 
tion of £,r(v), one will concentrate on L^ R ^ . A summary 
of the main results of Q can now be given. First, the lo- 
calization of £, R (y) can be achieved by a coupling of L^ R ^ 
to a background scalar field which develops a kink solu- 
tion along y. Two background scalar fields are needed in 
this scenario: a singlet field <frs whose kink solution local- 
izes the wave functions of both members of £r(j/) at the 
same location while keeping their shapes identical, and 
a triplet $x = §t-\ whose kink solution is responsible 
for drastically changing the shapes of the two wave func- 
tions while keeping the localization points the same. (As 
mentioned in y| , these background scalars are chosen to 
be odd under Z 2 so that they do not have zero modes.) 
Below is how it works. 

The minimum energy solutions used in [^j are as follows 



where fc„ je are normalization factors. The immediate 
implication of Eq. [3] can be seen as follows. Using 
h(y) = v tanh(^y) in Eq. one obtains 

£ R e (y) = k v e e~^ Cs ln ( cosh Osy))±c T i n ( cosh (^Ta))) ^ 

where Cs.t = /s , ,t/(As i t/2) 1 ^ 2 . If the parameters of the 
two scalar potentials are such that Cs ln(cosh(/j,sy)) ~ 
Ct ln(cosh(/xrj/)), one can immediately see that £, R (y) is 
narrow while £fj(y) is broad. When these wave functions 
overlap with the left-handed wave function (common for 
both v and e), one can observe a large disparity between 
the two effective Yukawa couplings. A crucial quantity 
which enters this hierarchy in Yukawa couplings is the 
separation between the left-handed wave function and the 
two right-handed wave functions (localized at the same 
point along y) and which was denoted by Ay^ in 9]. 
The model described above has been espoused in Ref. 
as a mechanism for naturally small Dirac neutrino 
masses. Furthermore, using the same wave function pro- 
files for the right-handed quarks, an interesting connec- 
tion between quark and lepton mass hierarchies was no- 
ticed in 9] . Basically, it was a connection between Ay^ 
and Ay( q \ Possible symmetry reasons for this connec- 
tion were left open in Q • It is the purpose of this paper 
to elucidate the relationship between quark and lepton 
mass hierarchies by considering cxplicitely a model of 
TeV-scale quark- lepton unification [J []]■ To set the 
stage for that discussion, a brief summary of the early 
unification model is presented below. 



(tT) = (,. )ra/2= (Mv) _ (1) 

and 

<<fe) = h s (y) , (2) 

where generically h(y) — v tanh(/iy), with /i = -J ' X/2v 
being typically the "thickness" of the domain wall. Cou- 
pled with the Yukawa coupling C Y 2 = f^L^^ T + 
fg^L^ R ^(j)s L^ R }, one obtains the following equations for 

dyC R (y) + (f { s l) h s (y) + fPMv))&(v) = > (3) 



dyttiv) + (fh l, hs(y) - #V(y))^(y) = o , (4) 

The solutions for the up and down members of S,R(y) 
(which will have the superscripts v and e respectively) 
are given as 

Q e {y) = k v , e exp(- ^ <V(jf W) ± f^h T {y')) , 
Jo 

(5) 



B. Early TeV-scale quark-lepton unification 

The model that was presented in £| and discussed in 
detail in p| is based on the gauge group 

G PUT = SU(4) FS ® SU(2) L <g> SU(2) R <g> SU(2) H . (7) 

This group is characterized by two independent gauge 
couplings: g s for SU(4) PS and g w for SU(2) L ®SU(2) R ® 
SU(2)h, where a permutation symmetry is assumed 
among the three SU(2)'s. Gpjjr is assumed to be broken 
down to the Standard Model in two steps, namely 

Gput ^ Gi ^ G 2 ^ SU(3) C ® U(1) EM , (8) 
where 

d = SU(3) C ®U(1) S ®SU(2) L ®SU(2) R ®SU(2) H , (9) 
and 

G 2 = SU{3) C ®SU{2) L ®U{1) Y . (10) 

In this scheme, quarks and leptons, which are generic 
terms for color triplets and color singlets respectively, are 
grouped into quartets of SU(4:)ps. The scale of such a 
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quark-lepton unification is denoted by M as seen above. 
In contrast with GUT where such a unification occurs 
close to the Planck scale, it has been shown in 0, and 
particularly in 5], that M < 2TeV. That such a low 
scale of unification can be achieved is a distinctive feature 
of this model. A sketch of the arguments is presented 
below. 

At this point, it is worth noticing that, if the scale(s) 
of extra dimensions is comparable with the Petite Unifi- 
cation scale, physics which are related to the breaking of 
Petite Unification can be extrapolated to "low energies" 
with little, if any, uncertainties coining from physics be- 
yond the compactification scale. This is in contrast with 
a typical GUT scenario embedded in large extra dimen- 
sions since its scale which would normally lie above the 
compactification scale. As a consequence, there are large 
uncertainties associated with the extrapolation of "GUT" 
physics down to the Z-mass for example. 

The main idea of Petite Unification has to do with the 
assumption that the SM, with three independent cou- 
plings: 53, 52 and g±, is merged into the PUT group 
Gs <8> Gw which is characterized by two independent 
couplings: gs and gw- As a result, one can com- 
pute sin 2 9w(Mz) as a function of the PUT unifica- 
tion scale M as shown in HQ. The highly precise 
value of sin 2 %(M|) = 0.23113(15), along with the 
requirement that M < lOTeU, allows us to severely 
restrict the choices of Gw-, resulting in the preferred 
model mentioned at the beginning of this section. (Two 
other models were also found: SU(4)ps <8 SU(2) 4 and 
SU(4)ps (8 SU(3) 2 , with the former being, in some 
sense, ruled out due to severe problems with the process 
Kl — * fJ-e unless some exotic mechanisms are invoked, 
for example an embedding of the model into five dimen- 
sions with the gauge symmetry breaking accomplished 
by orbifold boundary conditions |16|].) 

Two crucial elements in the computation of 
sin 2 9w(Mz) are the group theoretical factor sin 2 9 W 
(= 1/3 for G w = SU{2f) and the factor C s which 
appears in the expression Q = T^l + Ty — Qw + CsTi$, 
where Qw is the "weak" charge corresponding to 
the group Gw, and T15 is the unbroken diagonal 
generator of the SU(4)ps- The value of Cs de- 
pends on how quarks and leptons transform under 
SU(A) PS SU(2) L ® SU(2) R <gi SU(2) H - For instance, 
Cs = if fermions transform as (4,2,1,1) for ex- 

ample, while Cs = if they transform as (4, 2, 1, 2) 

or (4,1,2,2). This is shown in details in 0, 3- Since 
sin 2 6W(Mf) = (1/3)(1 - 0.067 C| - \ogterms) (see 0) 
and coupled with the requirement that M < lOTeV 
(which makes for little "running" between M and the 
electroweak scale, and hence small log terms), it was 
found that the only acceptable fermion represen- 
tations are the ones for which Cs = \/8/3. Using 
this value for C s 0, a detailed computation of 
sin 2 0w(M|), up to two loops 0, determines the Petite 
Unification scale to be less than 2TeU. This fermion 
content will be the one that will be used in this paper. 



For the sake of clarity, an explicit description of the 
fermions of the model is presented below. 

Under 577(4) PS ® SU(2) L <g> SU(2) R <g> SU(2) H , the 
fermions transform as 



* L = (4,2,1,2)£ = 



(d c (l/3), (7(4/3)) (f M (-l),K0)) 
K(-2/3), 73(1/3)) (l d (-2)J(-l)) 

(11) 



* fl =(4,l,2,2) 



(d c (l/3),[/(4/3)) (l u (-l), V (0)) 
K(-2/3),/J(l/3)) (f d (-2),Z(-l)) 

(12) 

As one can see, this model contains, besides conven- 
tionally charged fermions, unconventional fermions with 
charges up to 4/3 for the quarks and down to —2 for the 
leptons. 

To understand the notations in Eqs. i|llll2l) . one no- 
tices the following conventions. 



SU(2) L>R doublets: 



cf(l/3) 
" C (- 2 / 3 ) / L,R 



( ^(4/3) \ 
\D(1/3)J LR 

SU{2) H doublets: 



1/(0) 



L,R 



L>(4/3) 
d c (l/3) 



L,R 



D(l/3) 

WC (- 2 / 3 ) / L,R 



SU(4)ps quartets: 



lu(-l) 
^(- 2 ) / L,R 



1/(0) 

U-i) / L , R 
K-i) \ 



(13) 



(14) 



d c (l/3) 

U-l) / L ,R 



( #(4/3) \ 

I K0) )> 



£»(l/3) 



L.R 



u c (-2/3) \ 

S«(- 2 ) J L.R 



(15) 



Note that due the particular nature of the fermion rep- 
resentation in this model, it is 



d%l/3) \ _ ( u(2/3) 



(16) 



which appears instead of the more familiar-looking 
(«(2/3),d(-l/3)). 
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As emphasized in |j. Lj . a nice feature of this model is 
the absence of tree-level flavor-changing neutral currents 
(FCNC) because the SU{2) H and SU(4) PS transitions 
only connect conventional to unconventional fermions as 
can be seen above. A process such as Kl — > fi>e can only 
occur at one loop and can easily be made to obey the 
experimental upper bound. 

Since the natural scales of the scenarios described in 
Sections III Al and III Bl are both in the TeV range, it is 
worthwhile to see if a "marriage" of some sorts can be 
made between these two scenarios and if, as a result, 
some light can be shed concerning the relationship be- 
tween quark and lepton masses and the smallness of the 
neutrino masses. 



C. Connection between the scales of quark and 
lepton masses 

If "quarks" and "leptons" (in the generic sense as dis- 
cussed above) can be unified at the TeV scale, there is a 
good possibility that whatever gives rise to their masses 
will also determine the relationship between their mass 
scales. We will show below that such a possibility does 
exist within the framework of the two scenarios described 
above. 

The basic model used in this paper is SU(i)ps <8> 
SU(2) L <E> SU(2) R (g) SU(2) H . As stated above, this 
group spontaneously breaks down to SU(2)l <8> U{l)y 
and then to {J(l) em at the scales M ~ fewTeV's and 
v ~ 250GeV respectively. Upon embedding this model 
in five dimensions, with the fifth dimension y compact- 
ified on an S1/Z2 orbifold, it is shown below that the 
following features occur: 1) The breaking of SU(4)ps 
splits the positions, along y, of wave functions of the 
zero modes of "quarks" and "leptons" ; 2) The breaking 
of SU(2) R gives rise to two vastly diferent profiles for 
the wave functions of the "right-handed" zero modes; 3) 
Since a SU{2)h doublet groups together a conventional 
quark (or lepton) with an unconventional one, the break- 
ing of SU(2)h splits the locations, along y, of the wave 
functions of the conventional fermions relative to those 
of the unconventional ones; 4) And finally, the break- 
ing of SU(2)l <g> U(l)y provides a mass scale for all the 
fermions. As we have explained in the previous section, a 
crucial quantity that appears in the hierarchy of masses 
among the up and down members of an SU(2)l dou- 
blet is the separation along y between the wave function 
of the left-handed doublet and that of the right-handed 
fields, namely Ay( l ' q \ We will show below that points 
#1,2 and 3 help establish a relationship between AyW 
and Ay( q \ 

In the construction of the model, one important point 
we would like to stress is the following. The model 
SU(4) PS O SU(2) L (g) SU(2) R ® SU(2) H contains un- 
conventional quarks and leptons which were assumed to 
be heavy enough to escape detection. The fate of these 
fermions were well described in Ref. . For the purpose 



of this paper, we will simply require that all unconven- 
tional fermions are heavy. This will be one constraint 
which will be used below. 

1. SU(4) PS ® SU(2) L ® SU(2) R ® SU{2) H in five 
dimensions 

The first step one would like to do is to embed 
SU{A) PS <8> SU{2) L <g> SU(2) R <g> SU{2)„ in five dimen- 
sions. Let us first denote, in five dimensions, the fermions 
presented in Section ITTBl bv 

* {L} (x,y) = (4,2,1,2), (17) 

9W{x,y) = (4,1,2,2). (18) 

Let us recall that, in five dimensions, these are four- 
component Dirac fields, i.e. they have both left- and 
right-handed components. The superscripts {L} and {R} 
are used for two reasons: (a) to denote the transformation 
under SU(2)l or SU(2) R ; and (b) to show that the sur- 
viving zero modes are related to these fields. By choosing 
the appropriate Z2 parity for these fields, the zero modes 
of ^ {i} (x,y) and ^ {i?} (a;, y) are 

^rf^iWafe), (19a) 
^ R {x,y)=i> R (x)U{y), (19b) 

respectively. 

We wish to localize £l(v) and £ R (y) along y. This is ac- 
complished by coupling these fields to some background 
scalar fields. To see the group representations of these 
scalar fields, we consider the following bilincars: 

*W(x,y)*W{x,y) = (1 + 15,1 + 3,1,1 + 3), (20) 

^ R }{x,y)q>^(x,y) = (1 + 15,1,1 + 3,1 + 3). (21) 

From Eq. (|2(jp. one can see that some possible scalar 
fields which can couple to these fermions would transform 
like (1,1,1,1), (15,1,1,1), (15,1,1,3), (15,1,3,1), etc.. 
We will show step-by-step below how these scalar fields 
help establish the link between Ay^ and Ay( q > . We will 
successively invoke one scalar at a time and show how it 
modifies the behaviour of the fcrmion zero modes. 

As we shall see, the scalar fields which are needed for 
our scenario are the following: 

$ SliSa = (1,1,1,1) (22a) 

£ = (15, 1,1,1), (22b) 

= (1,1, 3,1), (22c) 

1>h = (15,1,1,3). (22d) 
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2. The role of the singlet scalar fields $Si,s 2 = (1; 1> 1> 1) 



Tfce roles of E = (15, 1, 1, 1) and $ ff = (15, 1, 1, 3) 



The Yukawa coupling of this held with the fermions 
takes the form 

Cyi = fs{^ {L} y {L} + *< a >¥< H >)$ Sl , (23) 
with fs > 0. We assume a kink solution for 

(*5x> = M»), ( 24 ) 

which localizes fermions at the same point y = along 
y. In fact, the equation governing the zero modes, at this 
stage, is 

In order to be more general, we will allow the fermions 
to be localized, still at this stage, at some common ar- 
bitray point which might be different from the origin. 
The most economical scenario is one in which the "left- 
handed" fermions are localized at that other point. This 
can be accomplished by the following coupling: 



Yip 



(25) 



where fs> > and the negative sign in front of it is an 
arbitrary choice. Assuming 

(26) 

we obtain the following equations for the zero modes: 



dyUv) + {fs h s (y) - f s > SKUv) = o ■ 



(27a) 



From the group representations of S = (15, 1, 1, 1) and 
&h = (15,1,1,3), one can see that, in principle, both 
i]/{ L } and can couple to £ and <&h- However, for 

reasons of economy, we shall see that it is sufficient to 
couple ^ {L} to $ H . 

We now concentrate on £z,(y). As it is men- 
tioned above, one has to differentiate the unconven- 
tional fermions from the conventional ones as well as the 
"quarks" from the "leptons" . Let us remind ourselves 
that the conventional and unconventional fermions are 
grouped into SU(2)h doublets as shown in Eq. i|14fl . 
To differentiate the aforementioned fermions, we need to 
break both SU(4)ps and SU(2)h- This is accomplished 
by the use of <J> H = (15, 1, 1, 3) and of £ = (15, 1, 1, 1). 
The Yukawa interaction between ^^ L \ <E># and £ = 
(15, 1, 1, 1) is given by 



(30) 



with f H ,.fs>0. 

We will assume a vacuum expectation value for <E># 
and £ as follows 



/ 1 
10 
10 

\ -3 



(31a) 



dyUv) + {fs h s (ym R (y) = ■ 
We will present below two scenarios. 
• Scenario I: 



(27b) 



10 
10 
10 

-3 



V H 

-v H 



(31b) 



• Scenario II: 



(5 = 0. 



(28) 



(29) 



At this stage, Scenario I implies that all (left and right- 
handed) fermions are localized at the origin. Scenario II 
implies that the right-handed ones are localized at the 
origin while the left-handed ones are localized at a com- 
mon point away from the origin. As we shall see in the 
last section, it will be Scenario II with 5^0 that is 
favored phcnomenologically. 

It is clear that this is not the end of the story because 
the effective Yukawa couplings to an S , [/(2)L-doublet 
Higgs field, which depend on the overlap of the left and 
right wave functions, would be universal for all fermions, 
a clearly undesirable feature. We therefore have to split 
the various wave functions along y. To do this, one 
has to invoke scalars which transform non-trivially under 
SU(4) FS ® SU(2) L ® SU{2) R ® SU(2) H . This is what we 
will proceed to do next. 



where the first matrix on the right-hand side of Eq. H31(l 
refers to the direction T15 of SU(4:) ps whereas the second 
matrix in the second equation refers to the direction T3 
in SU(2)h, all of which refer to (15, 1, 1, 3). Here a and 
Vh are constants. 

When Eq. lj3U)l is combined with Eq. the equa- 

tion for the left-handed zero modes is now given by 

dyh (y) + {fs h s (y) - fs>6+ f H (* H ) + /s <E> Rl (y) = . 

We now make an important assumption: 

.IhVh = ho- ■ (33) 

This assumption has a far-reaching consequence: All un- 
conventional quarks and leptons will have large wave 
function overlaps resulting in "large" mass scales for 
those sectors as we shall see below. 

Making use explicitely of Eq. (|31|l and the assumption 
(|33|l . one can now rewrite 1-S2I) in terms various SU(2)l 
doublets as follows 



dy&iy) + {fs hs(y) + 2 f H v H - fs> = , (34a) 
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dyg(y) + {fsh s (y) 



fs> s}d(v) 



o, 



(34b) 



Eq. H38fl then takes the following forms: 

dy& up (y) + h sym (y)& up (y) = 0.. 



(40a) 



d y &(y) + {fs h s (y) - 6f H v H - fa 5}£(y) = , (34c) 



d y & down (y) + h asym (y) (% down {y) = , (40b) 



dy&iv) + {fs hs(y) ~ fs> 6}£(y) = , 



(34d) 



where the superscripts Q,Q,L,L refer to the normal 
quark, unconventional quark, normal lepton, and uncon- 
ventional lepton SU(2)l doublets as shown in Eq. l|T5|l. 
The above equations show the splitting between conven- 
tional and unconventional fermions as well as between 
quarks and leptons. As we shall show below, this split- 
ting is crucial to the success of this model. 
From Eqs. 1(51)1. it also is easy to see that 



d(y) 



&(y) 



(35) 



4. The role of $ H = (1,1,3,1) 



dy& UP (y) + h SVm (y)tR UP (y)=0, (40c) 



L . up i 



dy^R down (y) + h as y m (y) e/ own {y) = o . (40d) 

In Eqs. H40fl and according to the particle content given 
in Eqs. JT^, refers to d c (l/3) and t/(4/3). Like- 

wise, "Q,down v refers to u c (— 2/3) and D(l/3). Simi- 
larly, u L,up" refers to ^(0) and l u (— 1) while u L,down" 
refers to l(— 1) and ld{— 2). It is also clear, from Eqs. 
gDJl, that 



& ap (y) = & up (y) = a p , 



(41a) 



We have encountered in Section lll Al the SU (2)r triplet 
scalar field whose kink solution, when combined with 
a singlet kink, gives rise to very different profiles for 
the wave functions of the up and down members of an 
SU(2)j{ fermion doublet. In the present context, the 
triplet scalar field is now = (1,1,3,1). Its coupling 
to ip'W can be written as 



(36) 



with fn > 0. Notice that here we use fa instead of the 
notation fx used in Section [II Al in order to be consistent 
with the notation used for 

The minimum energy solution for can be written 

as 



( 1 

10 

10 

\ 1 



My) 
o 



o 

-My) 



(37) 



where we have assumed that there is a kink solution for 

When one combines Eq. (|2*3*|) with Eqs. (|36I37|) . the 

equation for the zero modes looks as follows. 



8y$R(v) + Us hs(y) + f R ($H>Rfl(y) = . (38) 
Let us define the following effective kinks: 

h sym (y) = f s hs(y) + fRh T (y), (39a) 



£r (y) 



£L,down 
Si? 



(y)=^° 



(41b) 



A quick look at Eq. l|3"§|) reveals that ur(2/3) and 
Dr(1/3) as well as Ir(—1) and ld,R.{—2) have "broad" 
wave functions while dn(— 1/3) and {7r(1/3) and vr(0) 
and I u ,r(— 1) have "narrow" wave functions. These fea- 
tures will be shown explicitly below. 

From Eqs. (|40|l . one can easily see that all right- 
handed wave functions are localized at the origin. They 
have, however, different profiles, a situation which is very 
similar to the scenario which is summarized in Section 
III Al It is this difference in profiles, when combined 
with the different locations of left-handed wave functions, 
which gives rise to the disparity in mass scales. 

We turn next our attention to the separations along y 
between left-handed and right-handed fermions which are 
crucial, along with the different profiles, in determining 
the mass scale of each sector. 



Wave function localizations in a linear approximation 



To see heuristically how Eqs. I|34I40() help split the 
locations of the "quarks" and "leptons" along the extra 
dimension, let us make a linear approximation to the kink 
solutions hs{y) and hx{y), namely 



My) ~ 2 /4y- 



(42a) 



h asym (y) =fsh s (y)-fRh T (y) 



(39b) 



My) ~ 2 ^tV- 



(42b) 
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Let us recall that, with the linear approximation, 
a wave function behaves like a Gaussian £(?/) oc 
exp(—fj, 2 y 2 ). It then follows that that the overlap be- 
tween two functions separated by a distance Ay along y 
goes like exp(— /i 2 (Ay) 2 ) (where for heuristic purpose /i 2 
are taken to be the same for both wave functions which in 
general is not the case). The effective Yukawa couplings 
in four dimensions are proportional to the overlaps be- 
tween "right-handed" and "left-handed" fermions and it 
can be seen that they can be "large" or "small" depend- 
ing on whether or not (Ay) 2 » fi 2 or (Ay) 2 <C p? . What 
we will set out to derive in our model is the relationship 
between Ay^) and Ay( q \ 

With the approximation (|42[) . let us apply it to Eqs. 
(|39|1 . resulting in the following definitions 



81/ III 



M 



sym 



r 2 r 2 

— JS Ms _ JR Mt : 



fs Ms + fa > 



(43a) 



(43b) 



From Eqs. (|40|l . the locations of the Up- members and 
the Down-members of an SU(2)u doublet, for both con- 
ventional and unconventional quarks, are found to be at 
the origin. We shall denote that common point by 



VR = 0. 



(44) 



For the left-handed zero modes, their locations will 
depend on fs> 5 and Jhvh- For convenience, let us define 
the following quantity: 



fs<6 
2/hvh 



(45) 



We will assume that r < 1. From Eqs. (|34|l . the locations 
of the SU (2)l doublets for conventional and unconven- 
tional quarks are 



VQl 



(- 



fs f-s 



r), 



fs>6 



r fHs,VH< 

• f ,,2 - 
JS Ms 



while the locations of the "lepton" doublets are 



Is Ms 3 



_ fs>6 _Jh )( vh ) 

•Hi ^ of 2 ~ \ J? )\ 2 1 

L 2fsn s fs Ms 



(46a) 



(46b) 



(47a) 



(47b) 



One important comment is in order at this point. From 
the above equations I|44I46I47I) as well as i|43[l . it is clear 
that there are five independent parameters: fs Ms> fs' 
/flMri fs ', an d /h v h, although Eq. l|3^|) reduces to 
four independent parameters. What this implies is that, 



out of eight locations, there are three (or four) predic- 
tions. In principle, we would then obtain three (or four) 
predictions for mass scales once the other four (or three) 
are fixed by the choices of the aforementioned parame- 
ters. We shall come back to this point below. 

In order to make sense out of the above locations, a few 
remarks are in order here. The effective Yukawa coupling, 
in four dimensions, which governs the fermion mass scale 
depends on the overlap between left-handed and right- 
handed fermions. This overlap depends on the separation 
between the two fermions as well as on the shapes of the 
fermion wave functions. As mentioned above, the spread 
of the wave functions is crucial in our scenario. This 
spread is rougly proportional to From Eqs. l|43|l ■ 

one can deduce that, for the right-handed wave functions, 
Ir(~ 1) Jd,R{— 2)j mr(2/3) and Dr(1/3) have broad wave 
functions since ^ S!)m = fs (j, s — /fl/ifn. On the other 

hand, dn(— 1/3), £7^(4/3), ^_r(0) and 1 Uj r{— 1) have nar- 
row wave functions since ti 2 sym — fs [1% + fn Ht- All the 
left-handed wave functions, on the other hand, have a 
spread of the order of 1/ yfslA- How do these facts 
translate into the disparities in mass scales? To answer 
this question, one has to look at the separations between 
the left-handed and right-handed wave functions. 

From Eqs. I|44I47|I . one can readily derive the following 
left-right separations. 



• For the "quarks" : 
\Ayu\ = \%jr - vq l \ 



:f)(f)d 

fs M S 



r)|, (48a) 



is n s 



\Ay D \ = \y R -yq L \ = K^X^f) (1 - r)| , (48b) 



|Ay £ 



\VR ~ Vq l 



\Vr 



fs>5 



., . -(^("sOr, (48c) 
2 JsMs fs Ms 



For the "leptons": 



2/sm| Ws j ' 



,fHs,VH* 



(48d) 



\Ay v \ = \y R - y lL \ = 3 |(^)(^-) (1 + -)| , (49a) 
fs Ms 3 



|A|ft ( -i)| 
l A ^(-i)l 

l A ^(-2)l 



IWfl-WiJ=3|(^)(^)(l + ^)|, (49b) 
fs Ms 3 



\vr - vi L 



Wr-ViA = 



fj ^ = &&r, (49c) 



2 /sm| fs Ms 
fs'S Jh,,vh 



= ( J -i L )(-^)r. (49d) 



2 /sMs fs Ms 
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Comparing Eqs. i|49|) with Eqs. (|48|l . we arrive 
at the following important relationship between conven- 
tional quarks and leptons: 

\AyLepton\ = 3^ 1 _^ J \Ay Quark \ , (50) 

where r < 1. For Scenario I, one would have r — and 
one would simply have \Ay Lept on\ = 3|Aj/g uor fc|. For 
Scenario II, where r ^ 0, one obtains the above relation- 
ship. What l|5U|l implies is the following important fact: 
\AyLe P ton\ > 3|AyQ uarfc |. This means that the scales of 
the lepton sector are generally a bit smaller than those 
of the quark counterpart. 

It is also useful to derive a relationship between the 
separations of conventional and unconventional fermions. 
From Eqs. (|46l 1471 148fl . it is straightforward to derive 
the following relationship between the common left-right 
separation of the unconventional quarks and leptons and 
that of the conventional quarks: 

\A-UU nconventional \ = ~) \ AyQuark \ ■ (51) 

Another useful form for l|51[) can be obtained by using 
Eq. (|S"U|) . namely 

|Ay Lepton | _ g 

\^yUnconventional\ — ^ ^ \AyQ uark \ . (52) 

From l(50jl and (|51l 152(1 . one notices that, in Sce- 
nario I where r — 0, one obtains the simple relations: 

\ Ay Lepton] — 3|Aj/Q uar fc| and | Ay Unconventional \ = 0. 

The above relationship is important for the following 
reasons. First, it implies that the left-handed wave func- 
tion for the leptons is situated much further (by a factor 
of three) away from the right-handed ones than is the 
case for the quarks. It then means that the wave function 
overlaps which determine the effective four-dimensional 
Yukawa couplings would , in principle, be much smaller 
for the lepton sector than for its quark counterpart, re- 
sulting in a large disparity in mass scales between the two 
sectors. This is actually what happens in reality. The de- 
tails of that disparity, in our scenario, will also depend 
on the difference in the wave function profiles. This will 
be discussed in the next section. 

Since |Ay| = ^ or both unconventional quarks 

and leptons, this implies that unconventional quarks 
and leptons have comparable mass scales which can be 
"large". How large this might be is the subject of the 
next section. 

To summarize, the model contains four independent 
parameters: fs l^st /r/Ut, /h^h, and r. From these, 
we have two independent wave function profiles for the 
right-handed zero modes, one independent separation 
\AyQ uark \, and one parameter r. Once r and \AyQ uark \ 
are specified, all other separations can be computed. 

We now present some numerical illustrations of the 
above results. Our strategy will be as follows. First, 



we write down the coupling between the left-handed 
fermions, right-handed fermions and a Higgs field whose 
VEV gives rise to fermion masses. Next, we (arbitrarily) 
fix the two right-handed wave function profiles. We then 
choose \AyQ uark \ so that the mass scales of the conven- 
tional Up and Down quark sectors come out correctly. 
With the same wave function profiles, we next choose r 
so that, upon the use of Eq.JSUI), the mass scale of the 
charged lepton sector comes out correctly. We will show 
below that, as a result, we obtain predictions for the mass 
scale of the Dirac neutrino sector as well as those of the 
unconventional quarks and leptons. An alternative way 
to fix the parameters is to choose one of the right-handed 
wave functions, for example the one that belongs to the 
charged leptons and the Up quark sector, fix r so that 
the mass scales come out correctly, fix the second right- 
handed wave function function so that the Down quark 
sector comes out correctly. Once this is done, the above 
predictions will come out the same. 

III. COMPUTATION OF MASS SCALES AND 
IMPLICATIONS 

One can now use the results of Ref. |9j and Sec- 
tion 111 Al to estimate mass scales of the normal quark 
and lepton sectors as well as those of the unconventional 
fermions. Since the scope of this paper is the construction 
of a model showing a relationship between mass scales 
of "quarks" and "lepton" sectors, we shall ignore issues 
such as fermion mixings in the mass matrices. Higher 
dimensional models have been built to tackle quark mass 
hierarchies, mixing angles and CP phase (see e.g. pdjand 
[T^. We will therefore concentrate on the overall mass 
scales that appear in various mass matrices. 

A. SM Fermion-Higgs coupling 

By "SM Fermion-Higgs coupling" , we mean that the 
Higgs field that couples with left-handed and right- 
handed fermions transforms non-trivially under SU(2)l. 

Since = (4,2,1,2), *{ fl > = (4,1,2,2) and 

\$r{L} y{R} = (1 + 15, 2,2,1 + 3), an appropriate Higgs 
field (the simplest choice) could be the following field: 

H= (1,2,2,1). (53) 

The Yukawa coupling with this field can be written as 

C Y 4 = h^ {L} H + k 2 ^ {L} H ^ {R} + H.c. , (54) 

where H = tiH*ti and where, in principle, hi can be 
different from k\. Assuming the extra dimension to be 
compactified on an orbifold S\ / 'Zi and an even parity 
for H 1 it follows that H can have a zero mode. This 
zero mode can be written as H°(x,y) — K<fi(x) where 
(f>(x) is a 4-dimensional Higgs field with dimension M 
(mass) and K : a constant, has a dimension ^/M 7 since 
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H has a dimension M 3 / 2 in five dimensions. Notice that 
k± t 2 have a dimension A/ -1 / 2 . We define the following 
dimensionless couplings: 



Syi,2 = ki a K . 
The VEV of 6 is assumed to be 



(<f>) = 



«i/V2 
w 2 /V2 



(55) 



(56) 



Eqs. I|54|l and 1)56(1 provide mass scales which appear in 
mass matrices as follows 



■^■u,D,v,l- ,U,D,l u ,l d 
where A 



^■U,D,v,l-,U,D,l u ,l d ^U,D,u,l~ ,U ,D,l u ,l d ' 



(57) 

u D u l~ u d i u i d are ^ e mass scales in question 
and Mjj D v i- fj f)\ \ are matrices whose elements will 
depend on models of fermion masses (e.g. 01 )■ The 
subscripts are self-explanatory. 

Using the fermion representations (|15f) and Eqs. (|54l 
1561 I35ll4"l)l . the mass scales that appear in Eq. (|64|l now 
take the following forms: 

Ay = 9U1V2/V2 + g U2 v 1 /V2, (58a) 



Ad = 9di U1/V2 + g D 2 V2/V2, (58b) 



9ui,2 = 9l uh2 = 9Y\,2 / dy£Z(y) Q p (y) , (59e) 



9b 



1,2 



9l d 



1,2 



9Yl,2 



dy&(y)e R own (y). (59f) 



The way v\ and «2 appear in Eqs. I|58|l should be clearly 
understood that it has to do with the fermion content as 
shown in Eqs. H15J1 . and that is the reason why the first 
two equations appear in the forms shown above. 
There are two possibilities concerning Eqs. iJSSJ. 

• 9Y1 = 9Y2- 

This is a rather economical option, in terms of re- 
ducing the number of parameters. From Eqs. I|58|) 
and (|59|l . it is easy to see that, if gyi = 9Y2, the 
ratios of scales will simply ratios of wave function 
overlaps regardless of the values of v\ and v 2 as 
well as of the value of the Yukawa coupling since 
they cancel out in the ratios. In fact, we can form 
six ratios (from six independent scales) which are 
can be taken as A^/Ay, A„/A;-, A^/Ad, A;-/Af/, 
A^/Ad, Ajj/Au- Explicitely, one has: 



Ad f dytf(y)e R P (y) 



(y) 



(60a) 



A v = g v \ V1/V2 + g V 2 V2/V2, 



3c) 



A, _ Iody^(y)C R p (y) 
A <- !od v e L {y)e R own {y) 



(60b) 



Aj- = g l - 1 v 2 /V2 + g l - 2 v 1 /V2, (58d) 



Se) 



A u =A L = 9ui v i/v 2 + .9t/2 v 2/v2, 



A b = A~ ld = g 6l v 2 /V2 + g b2 Vl /V2 



where 



9 Ui,2=9Yi,2 / dytf(y)t d R wn (y) 
Jo 



9di,2=9yi,2 I dy^(y)C R p (y), (59b) 



g v i,2 = 9Yi,2 I dy^(y)e R P (y), (59c) 



91-1,2 =9Yi,2 / dyti(y)e R ° wn (.y) 
Jo 



(58f) 



(59a) 



(59d) 



A 



D 



Au 



A 



D 



Au 



Jo dy{ L L (y)C R p (y) 

' So Ld y^y)C R p {yV 
Io L dy^(y)i d R own (y) 

f L dy£(y)Zi° wn (y) 

fo L dy£(y)e R p (y) 
Jo L dy{ L (y)e R p (y)' 



I dy^(y)^ R own (y) 
Io L dy^(y)^ R wn (y) 



(60c) 



(60d) 



(60e) 



(60f) 



Once the parameters of the wave functions and 
their separations are fixed, these ratios (or any 
other combinations) can be computed unam- 
bigously. 

In the following, we will choose Ajj and Ad as two 
independent inputs. From them, we can extract 
\^VQuark\- Once the parameter r is chosen, all 
other mass scales can be predicted. 
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9Y1 ^ 9Y2- 

For the case when gyi ^ <?Y2, one can still obtain 
the following ratios which depend only on ratios of 
wave function overlaps: 



Au 



Sodyti(y)Zlr n (y) 

I L dy^(y)^ own (y) 



K I L dy^(y)C R P (y) 

Ad I L dy^(y)C R p (y) 



Au 



(y)G p (y) 



A 



D 



Ad 
Au 



fodyg(y)Zir n (y) 
f L dyg(y)Z R ° wn (y) 



(61a) 



(61b) 



(61c) 



(61d) 



What are the implications of the above two cases? 
First, one chooses the two parameters fs Us an( i Jr^t 
so that £fl P (y) and £, R own {y) are fixed. Next, we choose 
Au and Ajj as two independent mass scales. In the first 
case where gy\ = gy2, these two scales are used to ex- 
tract |A?/Q ua ,.fc|. One can then choose the parameter r 
so that the scale A;- is fixed. Once this is done, all other 
scales- neutrinos, unconventional fermions- can be pre- 
dicted. For the second case where gyi ^ gyi, one has to 
both choose \A.yQ uar k\ and r in order to fix the first ratio 
in H61|) . All other ratios in (|61|l can then be predicted. 



B. Some numerical examples 

In this section, we will present some numerical illus- 
trations of the above ideas. A more comprehensive nu- 
merical analysis will be presented elsewhere. We find a 
surprising correlation between the Dirac neutrino masses 
and those of the unconventional fermions. As we shall 
see below, by requiring the unconventional fermions to 
be heavier than the top quark but at the same time 
NOT too much heavier than the electroweak scale e.g. 
< 650 GeV, it is found that the largest Dirac neutrino 
mass is bounded from below by a value roughly of the 
order of 0.1 eV and from above by a value of the or- 
der of 30 eV. From this result alone, it is hard to see 
how one can incorporate Majorana neutrinos in our sce- 
nario since the Dirac neutrinos alone are naturally light. 
Actually, the detailed numerical analysis of ( 4J) shows 
that, in order to keep the early unification scale below 
2TeV, the masses of the unconventional fermions are 
constrained to be less than 300 TeV which, as we shall 
see below, sets the following bound for the heaviest Dirac 
neutrino: 0.1 eV < m j^ eamest < \eV. Or one can turn 
things around by using some of our knowledge, however 



uncertain, about neutrino masses to set bounds on the 
masses of the unconventional fermions. For example, if 
we set the largest neutrino mass to lie between 0.1 eV 
and 1 eV assuming it is of the Dirac type, the unconven- 
tional fermions are constrained to have a mass between 
the top quark mass and 300 GeV. 

Our numerical strategy is as follows. 1) For a given pair 
of fs hs(y) and f R hx(y), we use the ratio Am/ Au to find 
\AyQ uar k\- Actually, it is the difference between fs hs(y) 
and fRhr(y) that is important. 2) We then choose r so 
that \Ay Lepton \, which is given in terms of \Ay Quark \ via 
Eq. i|5U|). gives the correct ratio A;-/Aj/. 3) After Steps 
1 and 2 have been carried out, one can make predictions 
for the mass scales of the Dirac neutrino sector as well as 
those for the unconventional fermions, using Eqs. 160|l . 
After this is done, one can then decide whether or not 
a Majorana neutrino mass term is needed, depending on 
the value of the Dirac mass. 

To be general, we start out with r ^ 0. 

For the zero mode right-handed wave functions, we use 
expressions similar to those found in Eq. @, namely 

£up,dovm ( \ _ , p -(Cs ln(cosh(/j s y))±C H ln(cosh(MTa))) 

S.R vi/ / — ^up.aown^ > 

where k uPt down are normalization factors and Cs.r — 
/s,ii/(As l T/2) 1 / 2 are factors which involve the Yukawa 
couplings as well as the self-couplings in the scalar poten- 
tials. (Let us recall generically that h(y) — v tanh(//y), 
with fi = y/\/2.) The wave functions for the left-handed 
zero modes are given by 



CM 



«Le 



-(C s ln(cosh(/i s (y-j/ i )))) 



(63) 



where is a normalization factor, i — Q,L,Q and yi 
are given by (gSJl and i|T7|) . 

Using (|62|l and l|63() . we can now illustrate the results 
presented in the previous section with a numerical ex- 
ample. To translate ratios of mass scales into ratios of 
actual mass eigenvalues, an assumption has to be made 
concerning the mass matrices themselves. Explicitely, 
the relationship between the mass scales A and the mass 
matrices M. can be written as 



M = AM , 



(64) 



where M. is a dimensionless matrix whose form depends 
on a particular model. An exhaustive general analysis 
of different types of mass matrices is beyond the scope 
of this paper. For the purpose of illustration in this pa- 
per, we will make the following reasonable assumptions 
concerning the relationship between the mass scale that 
appears as a common factor in the mass matrix and the 
largest eigenvalue, namely 



-g- < Au < m t 



m b 



< A D < m b , 



(65a) 



(65b) 
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— 1 < A ; - < m 7 



(65c) 



where rrit, wib, and m T are the largest eigenvalues of the 
Up-quark, Down-quark, and charged lepton mass matri- 
ces respectively. The lower bounds in Eqs. (|65[) refer to 
a pure democratic mass matrix |17| where, apart from 
the common scale factor, all elements are unity and the 
largest eigenvalue is three times the scale factor. Such a 
pure democratic mass matrix is unrealistic but it is in- 
cluded here for completeness. The upper bound refers 
to a class of hierarchical mass matrices where the largest 
eigenvalue is approximately the scale factor itself |18| . 
In between these two bounds, there exists models e.g. 
r [TTt H^ l which are almost but not quite of the pure 
phase mass matrix type . We will assume below that 
the Up-quark, Down-quark and charged lepton sectors 
have mass matrices with "similar" behaviour, only in the 
sense that the relationship between the scale factors and 
the largest mass eigenvalues is assumed to be the same. 

For the purpose of illustration, we will use, for the 
largest eigenvalues, m t , rrib and m T evaluated at Mz, 
and neglect any "running" between Mz and the early 
unification scale taken to be comparable to the scale of 
compactification. We take 

m t (M z ) = 181 GeV: m b (M z ) = 3 GeV: m T (M z ) = 1.747 GeF. 

(66) 

With the above numbers and with the remarks made 
above concerning the relationship between the scale fac- 
tors and the largest mass eigenvalues, we can write 



Ad 
Au 



m b (M z ) 
m t (M z ) 



m T (Mz 



A v ~ m t (M z ) 



0.0166, 



0.00965 . 



(67a) 



(67b) 



The ratios (|67al67b|l are now used to predict the mass 
scales A for the neutrino sector as well as for the uncon- 
ventional fermion sectors. 

As we have mentioned earlier, the mass scales of the 
neutrinos are correlated with those of the unconventional 
fermions. This will be shown in the six examples below 
for the more general case of r ^ 0. For comparison, we 
will also show a result for r = 0. 

First we would like to remind ourselves that 
it is the difference between C5 ln(cosh(^sy)) and 
Cr ln(cosh(/^ry)) in the wave functions that is impor- 
tant. In consequence, we will set Cs — Cr — 1, choose 
fis = 1 (in some unit), and vary fix- 
In order to present the results in a transparent way, 
we prefer to write expressions such as exp(— ln(cosh(y))) 
instead of the equivalent expression 1/ cosh(y). 



• Cn p (y) 



ln(cosh(0.7y))}; 



Vl-553 



exp{— ln(cosh(y)) 

Z d R own (y) 



exp{-ln(cosh(y)) + ln(cosh(0.7 y))} 



e L {y) 



^ exp{- ln(cosh(y + 7.815))} 
^= exp{- ln(cosh(y - 23.285))} 

d(y) = 75 exp{-ln(coBh(i/ + 0.04))}. 

Here tjq = —7.815 is chosen for a given pair 

^r' own {y) so that the ratio (|67a|l is satisfied. Sim- 



ilarly, ul = 23.285 is chosen so that the ratio (|67b|) 
is satisfied. The location j/q = —0.04 for the uncon- 
ventional fermions was calculated using Eq. I|52(l . 
The predictions for the neutrino and unconven- 
tional fermion mass scales are found to be 



A,- 



0.278 x 10" 



Au 



An 



Au 



u_ 

Au 



7.3, 



7.93. 



(68a) 



(68b) 



(68c) 



'1.53 



exp{— ln(cosh(y)) 

S, d R own {y) 



ln(cosh(0.73y))}; 

^=L= exp{-ln(cosh(y)) + ln(cosh(0.73 y))} 
&(y) 75 exp{-ln(cosh(y + 7.53))} 

24.715))} 



= exp{- ln(cosh(y 

-j= exp{- ln(cosh(y - 

&(V) = 75 cxp{-ln(cosh(y- 0.531))}. 
The predictions are: 



A^ 
Ai- 



±u 
Au 



0.5 x 10" 



Au 



= 5.46. 



A„ At 

— 2- = = 5.82. 

Au A v 



(69a) 



(69b) 



(69c) 



• a p (y) 

ln(cosh(0.75y))}; 



:7 J m exp{-ln(cosh(y)) 

i d R own {y) 



yj=5 exp{-ln(cosh(y)) + ln(cosh(0.75 y))} 
= 71 exp{- ln(cosh(y 

e L _{y) 

tQ{„\ — 



7.53))} 

^ exp{- ln(cosh(y - 24.715))} 
= 75 exp{-ln(cosh(y- 0.531))}. 
The predictions are: 



A,- 



= 0.13 x 10" 



(70a) 
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±0 
Ac 



Ad 
Ac, 



Ac/ 



Au 



A u = A ;" 



4.43, 



4.37. 



(70b) 



(70c) 



ln(cosh(0.79y))}; 
■jg-jg exp{-ln(cosh(y)) 



^L= exp{-ln(cosh(y)) - 

t d R own (y) 

+ ln(cosh(0.79y))}; 



75 ex P{~ ln(cosh(y 
Cf(y) = 75 exp{- ln(cosh(y - 
d(v) = 75 exp{-ln(cosh(j/ - 1.99))}. 
The predictions are: 



Ai- 



Ac7 



0.381 x 10" 



7.07))}; 
29.17))}; 



(71a) 



Ac 



Ac/ 



= 2.834. 



(71b) 



An Ar 

T 2 - = it- = 1-858. 

A v A v 



(71c) 



exp{— ln(cosh(y)) 



VI -476 

ln(cosh(0.8y))}; Zf? wn (y) 

exp{— ln(cosh(y)) + ln(cosh(0.8 y))}; 



V5.276 

C£(y) 



= 75 exp{- ln(cosh(y 
= 75 exp{- ln(cosh(y - 
&(V) = 7f exp{-ln(cosh(j/- 2.3))}. 
The predictions are: 



r 7))}; 
30.2))}; 



A t - 



Au 
Au 



= 0.13 x 10" 



Au 



2.521 



A n Ar 

-T 2 = IT- = I- 39 - 

Ac/ Ac/ 



(72a) 



(72b) 



(72c) 



• CM 



VI -468 



exp{— ln(cosh(y)) 

t d R own {y) 



ln(cosh(0.81y))}; 

exp{-ln(cosh(y)) + ln(cosh(0.81 y))}; 

&(V) = 75 cxp{-ln(cosh(y + 6.94))}; 



i L L {y) = j= exp{-ln(cosh(y 31.36))}; 
exp{— ln(cosh(y — 2.635))}. 



TABLE I: . Predictions for A^ 
the upper bounds 1651 : Au ~ mt(Mz), An 



and A D = Ar for 



A, 



mb(Mz), and 







A, » 


Af> ~ 


Af> ~ 


Eq. 


|>HJ 


486 61/ 


1321 GeV 


1435 GeV 


Eq. 


jug 


87 eV 


988 GeV 


1053 GeV 


Eq. 


EOJ 


23 eV 


802 GeV 


791 GeV 


Eq. 


CD 


0.67 eV 


513 GeV" 


336 GeV 


Eq. 


1751 


0.23 eV 


456 GeV 


252 GeV 


Eq. 


CTJJ 


0.065 eV 


406 GeV 


181 GeV 



TABLE II: 



Predictions for A„ 
for the lower bounds 1651 : Au 
m b {M z ) /3,and A,- ~ m T (M z )/3 



Ay = Ar , and A D 



m t (Mz)/3, A D 







A, « 




A& ~ 


A fi w 


Eq. 




162 eV 




440 GeV 


478 GeV 


Eq. 




29 eV 




329 GeV 


351 GeV 


Eq. 


1701 


7.7eV 




267 GeV 


264 GeV 


Eq. 


J7TJ 


0.22 eV 




171 GeV 


112 GeV 


Eq. 


J7JJ 


0.077 eV 




152 GeV 


84 GeV 


Eq. 




0.022 eV 




135 GeV 


60 GeV 




The predictions are: 










A, 
A ; - 


0.371 x 10" 10 , 


(73a) 






Ac/ 
Ac/ 


Au 


= 2.246 , 


(73b) 






A c 
Au 


Af 

<-d 

Ac/ 


= 0.998. 


(73c) 



The implications of the above results are given for the 
upper and lower bounds in i jBljjl in Tables I and II. We 
use the values in Eq. (|66|) for the estimates given in these 
tables. The predictions coming from (|68I73|I are listed in 
the second, third, and fourth columns. 

We end this section by briefly showing that the case 
r — which gives the interesting relations |Ay^ epto „| = 
3|AjyQ UQr fc| and | Ayunconventional | = and which means 
that one can also predict the charged lepton mass scale 
in terms of the one for the quarks, is, unfortunately, not 
good. For example, taking the quark wave functions used 
in (|72|) and using the above relations, one obtains a pre- 
diction for the mass scale of the charged lepton sector 
to be approximately 11 GeV. This, by itself, rules out 
the case r = 0. Incidentally, the neutrino mass scale 
comes out to be ~ 2.5 keV and those of the unconven- 
tional fermions come out to be ~ 590—700 GeV, although 
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these numbers are irrelevant since the prediction for the 
charged lepton sector is already wrong. 

We now discuss the implications of Tables I and II for 
the more general case r^O. 



C. Implications of Tables I and II 

To obtain a better understanding of the numerical re- 
sults presented in Tables I and II, we will assume that the 
mass matrices for the unconventional fermions are such 
that, for each sector, the fermions are approximately de- 
generate. That is because, if it were not the case, a 
mass splitting similar to the normal fermions (quarks and 
charged leptons) would renders at least one fermion for 
each sector to be lighter that say the top quark. It goes 
without saying that none has been seen so far. We will 
therefore assume that the masses of the unconventional 
fermions for each sector are approximately equal to the 
mass scales A's. 

• Table I: 

The numerical results given in this table are for 
the case where the mass matrices of the normal 
quarks and leptons are highly hierarchical as we 
had mentioned earlier. 

One obvious remark that one can make by looking 
at Table I is the following. There is a clear rela- 
tionship between the masses of the unconventional 
fermions and those of the neutrinos: As the uncon- 
ventional masses increase so do neutrino masses. 
However, if we restrict the masses of the unconven- 
tional fermions to be less than one TeV, one no- 
tices that the Dirac mass of the neutrinos cannot 
exceed a few hundreds eVs. In scenarios such as 
this one, one might expect that Major ana masses, 
if they exist, would typically be also of the or- 
der of TeVs. The see-saw mass for the light neu- 
trino would then be roughly at most of the or- 
der (fewhundredeV) 2 /(lTeV) « 1CT 8 eV. As 
a result, the bulk of the neutrino mass, in this 
scenario, is Dirac. Furthermore, if the unconven- 
tional fermions are not too heavy, say lighter than 
500 GeV, nor too light, i.e. heavier than the top 
quark, the neutrino mass scales vary between 1 eV 
and approximately 0.07 eV. From Table I, one 
can tentatively conclude that if the unconventional 
fermions are heavy, i.e. with masses ranging from 
300 GeV to 500 GeV, the neutrino mass scales will 
range between 0.2 eV and 0.7 eV. This would imply 
that one might have a situation in which neutrinos 
are nearly degenerate in order to satisfy the oscil- 
lation data. If, on the other hand, the unconven- 
tional fermions were to be lighter, i.e. with masses 
ranging from 181 GeV to 400 GeV, one could have 
a scenario in which the neutrino mass matrix is hi- 
erarchical. 



• Table II: 

This is the extreme case of democratic mass matri- 
ces for the normal fermions. 

If the masses of the unconventional fermions were 
to lie between 181 GeV and 400 GeV, the neutrino 
mass scales would be of the order of a few eVs or 
more. In light of cosmological constraints as well as 
of oscillation data, this particular case might even 
be ruled out. It is amusing to note that this sce- 
nario of extreme democratic mass matrices for the 
normal fermions does not work but itself, regardless 
of the neutrino sector, because it cannot reproduce 
the correct mass spectrum and the CKM matrix. 

• Intermediate cases: 

In between the above two bounds, there are mod- 
els, e.g. f fllL H^1. which deviate somewhat from 
a pure democratic mass matrix model but which 
can fit fairly well the mass spectrum as well as 
the CKM matrix. In this model, the mass scales 
are are roughly half the value of the largest mass 
eigenvalues. In rescaling Table I by a factor of 1/2, 
one notices that, in order for the lightest unconven- 
tional fermion to be heavier than the top quark, the 
smallest neutrino mass scale is around 0.2 — 0.4 eV. 
This implies that neutrinos are nearly degenerate. 

Although a more extensive investigation of the above 
questions for various scenarios of mass matrices is 
warranted-a subject of a next paper- a preliminary con- 
clusion can be drawn from the above results. From the 
consideration of the lower bound on the lightest uncon- 
ventional fermion, it appears that neutrinos in our sce- 
nario are more likely to be near-degenerate with mass 
lying around a few tenths of an eV. This would imply 
that mixing angles as deduced from various oscillation 
data mainly come from the charged lepton sector. 

IV. SUMMARY 

We have presented, in this paper, a model of quark- 
lepton mass unification which "marries" two TeV-scale 
scenarios: Early Unification of Quarks and Leptons 
IH 0, IU and Large Extra Dimensions 0, HI @ ( as applied 
to neutrino masses) , has been presented. Explicitely, the 
early unification model Gput — SU (4)ps <8 SU(2)l <8> 
SU(2)r ® SU(2)h is embedded in 4+1 dimensions with 
the extra spatial dimension, y, being compactified on an 
orbifold S\jZi. Chiral zero modes are localized along 
the extra spatial dimension by kinks that come from two 
background scalar fields, one of which transforms non- 
trivially under GpjjT- Additional scalars are used to 
break Gpur down to the SM. The model contains the 
following features. 

• The breaking of SU (4)ps splits the positions, along 
y, of wave functions of the zero modes of "quarks" 
and "leptons" . 
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• The breaking of SU(2)r gives rise to two vastly 
difcrcnt profiles for the wave functions of the "right- 
handed" zero modes. 

• Since a SU (2)h doublet groups together a conven- 
tional quark (or lepton) with an unconventional 
one, the breaking of SU(2)h splits the locations, 
along y, of the wave functions of the conventional 
fermions relative to those of the unconventional 
ones. 

• The breaking of SU(2)l <8> U(l)y provides a mass 
scale for all the fermions. 

• The size of the effective Yukawa couplings, which 
depends on the overlap between right- and left- 
handed wave functions, is characterized by the sep- 
aration along the extra dimension y between these 
two wave functions, Ay. In this model, we were 
able to show that there is a relationship between 
the quark separation, Ay( q ' and the lepton sepa- 
ration AyO , and also that of the unconventional 
fermions. This is due to the early unification sce- 
nario discussed in 0, []| and again in this paper. 
It translates into relationships between mass scales 
that appeared in fermion mass matrices and are 
valid in the TeV range. This is what is referred to as 
early quark-lepton mass unification in our scenario. 
A summary of its ramification is listed below. 

• A feature of the SU(A) PS ® SU(2) L ® SU{2) R <g> 
SU(2)h model is the existence of "quarks" and 
"leptons" with unconventional electric charges. 
As described in the model, these unconventional 
fermions acquire masses from the same sources as 
conventional fermions. Because of the existence of 
relationships between mass scales of different sec- 
tors, a consequence of early quark-lepton unifica- 



tion, we have found a strong correlation between 
the Dirac masses of the neutrinos and those of 
the unconventional fermions: The neutrino Dirac 
masses increase the heavier the unconventional 
fermions become. For example, by requiring that 
the masses of these unconventional fermions lie be- 
tween the top mass and 1 TeV (the lower bound 
is experimentally obvious while the upper bound 
refers more to the wish of not having a strong 
Yukawa coupling regime), we found that the mass 
scales of the neutrino sector range from approxi- 
mately 0.07 eV to roughly 80 eV, as can be seen in 
Tables I and II. The Dirac masses of the neutrinos 
are naturally small in this scenario. Any Majorana 
contribution to the total mass through the see-saw 
mechanism would have to be negligible. 

From the above arguments, our scenario accomo- 
dates naturally light Dirac neutrinos without hav- 
ing to use the see-saw mechanism. Since there is 
a correlation between neutrino masses and those 
of the unconventionally charged fermions in the 
ST/(4)p S ® SU{2) L ® SU{2) R ® SU(2) H model, a 
light neutrino of mass less than 1 eV (as a concor- 
dance of data seems to "indicate" |2(|) will imply 
that the unconventionally charged fermions are not 
too heavy (see Tables I and II) and there might be 
a chance to observe them, if they exist, at future 
colliders pi] . 
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